Abstract. The classes of G C homological modules over commutative ring, where C is a semidualizing module, extend Holm and Jøgensen's notions of C-Gorenstein homological modules to the non-Noetherian setting and generalize the classical classes of homological modules and the classes of Gorenstein homological modules within this setting. On the other hand, transfer of homological properties along ring homomorphisms is already a classical field of study. Motivated by the ideas mentioned above, in this article we will investigate the transfer properties of C and G C homological dimension.
Introduction
Unless stated otherwise, all rings in this paper are assumed to be commutative, unital and non-zero; throughout, R and S denote such rings. All modules are unitary. We use abbreviations pd, id and fd for projective, injective and flat dimension of modules. By P (R), I(R) and F (R) we denote the full subcategories of the category of R-modules whose objects are modules of finite projective, injective and flat dimension.
Foxby [5] , Vasconcelos [13] and Golod [6] independently initiated the study of semidualizing modules (under different names). Over a Noetherian ring R, a finitely generated R-module C is semidualizing if the natural homothety map R → Hom R (C, C) is an isomorphism and Ext ⩾1 R (C, C) = 0; see Definition 2.3 for a more general definition. In [6] Golod used a semidualizing module C to define totally C-reflexive modules and G C -dimension for finitely generated modules, which are refinements of projective modules and projective dimension. Several decades later, Holm and Jøgensen [8] extended these notions by introducing C-Gorenstein projective and flat modules and corresponding homological dimensions to arbitrary modules over a commutative Noetherian ring. Meanwhile, the notion of C-Gorenstein injective modules was also introduced in [8] . Recently, White [15] has extended the notions of C-Gorenstein projective modules and C-Gorenstein projective dimension to the non-Noetherian setting. Similar to the proofs in [15] , we can also get some results regarding the other two types of module classes; see Remark 2.7 (2) . On the other hand, transfer of homological properties along ring homomorphisms is already a classical field of study. In [3] Christensen and Holm comprehensively investigated the transfer properties of the classes of Gorenstein homological modules. Affected by [3] , in this article, we will discuss the transfer properties of the classes of C and G C homological modules along ring homomorphisms.
In Section 3, we will give some auxiliary propositions and lemmas which play a crucial role in proving our main results of Section 4. Propositions 3.1 and 3.3 contain the transfer properties of the classes of C homological modules along ring homomorphisms.
We will discuss, in Section 4, the transfer properties of the classes of G C homological modules along ring homomorphisms. For instance, assume that φ : R → S is a homomorphism of rings andC is a semidualizing S-module. Theñ B is a GC-flat S-module if and only ifB ⊗ R F is a GC-flat S-module for any flat R-module F ; see Proposition 4.1, etc. We will also study some properties of the classes of G C homological modules in this section. For instance, the class GF C (R) is closed under direct limits when R is a coherent ring and C is a semidualizing R-module; see Theorem 4.3, etc. In particular, in the remainder of this section we will focus our attention to the localization of the classes of G C homological modules.
Notions and definitions
In this section, we mainly recall some necessary notions and definitions. Let X = X (R) be a class of R-modules.
Resolutions.
For any R-module M , we recall three types of resolutions.
(
n ∈ X for all n ⩾ 0. Now let X be any (left or right) X -resolution of M . We say that X is coproper if the sequence Hom R (X, Y ) is exact for all Y ∈ X .
(3) [15, 1.6] A degreewise finite projective (resp., free) resolution of M is a left projective (resp., free) resolution P of M such that each P i is finitely generated projective (resp., free). It is easy to verify that M admits a degreewise finite projective resolution if and only if M admits a degreewise finite free resolution.
Dimensions
Dually, we can also define the X -injective dimension of M . In the following part of this section, let C be a semidualizing R-module.
Definition 2.4 ([9, Definition 5.1]
). An R-module is C-projective (resp., Cflat) if it has the form C ⊗ R P for some projective (resp., flat) R-module P . An R-module is C-injective if it has the form Hom R (C, I) for some injective R-module I. We set
Remark 2.5. The classes defined above are studied extensively in [9] . From there we know that
(1) The classes F C (R) and P C (R) are closed under arbitrary direct sums and summands and if R is coherent, then F C (R) is also closed under arbitrary direct products.
(2) The class I C (R) is closed under arbitrary direct products and summands.
Definition 2.6 ([15, Definition 2.1]
). An R-module M is said to be G Cprojective (G C -proj for short) if there exists an exact sequence of R-modules
where each P i and P i is projective, such that M ∼ = Im(P 0 → C ⊗ R P 0 ) and the sequence Hom R (X, C ⊗ R Q) is exact for each projective R-module Q. The exact sequence X is called a complete P C -resolution of M .
Dually, an R-module N is said to be G C -injective (G C -inj for short) if there exists an exact sequence of R-modules
where each I i and I i is injective, such that N ∼ = Im(Hom R (C, I 0 ) → I 0 ) and the sequence Hom R (Hom R (C, I), Y) is exact for each injective R-module I. The exact sequence Y is called a complete I C -resolution of N .
An R-module T is said to be G C -flat if there exists an exact sequence of R-modules
where each F i and
Note that, when C = R, these definitions above correspond to the definitions of Gorenstein projective, injective and flat modules and complete projective, injective and flat resolutions.
We will denote the classes of all G C -proj, G C -inj and G C -flat R-modules by GP C (R), GI C (R) and GF C (R), respectively. Remark 2.7. (1) From [15] we know that every C-projective R-module is G Cproj and the class GP C (R) is projectively resolving and closed under arbitrary direct sums and summands.
(2) Similar to the proofs in [15] we can easily get that every C-injective R-module is G C -inj, the class GI C (R) is injectively resolving and closed under arbitrary direct products and summands, every C-flat R-module is G C -flat, and the class GF C (R) is closed under arbitrary direct sums and summands. 
Dually, the Bass class B C (R) with respect to C consists of all R-modules N satisfying
Some basic propositions and lemmas
In the following part of this paper, we distinguish S-modules from R-modules by marking the former with a tilde, e.g.,Ñ . Proof. All seven results are straightforward to verify. As an example, consider (6): there is an isomorphism Hom R (P,C ⊗ SF ) ∼ = Hom R (P,F ) ⊗ SC under the condition that P is a projective R-module sinceC admits a degreewise finite projective S-module resolution. We can also get that Hom R (P,F ) is a flat S-module since the class of flat S-modules is closed under arbitrary direct products when S is coherent. So Hom R (P,FC) is aC-flat S-module. Also note that the fourth follows directly from the following isomorphism and the fact that Hom R (F,Ĩ) is an injective S-module.
The following lemma is a generalization of [9, Proposition 3.2].
Lemma 3.2. Let φ : R → S be a homomorphism of rings with fd
Proof. We first show that C ⊗ R S admits a degreewise finite projective Smodule resolution. Let P be a degreewise finite projective R-module resolution of C.
It follows that the sequence P ⊗ R S is exact and it is trivial that P ⊗ R S is the degreewise finite projective S-module resolution of C ⊗ R S.
Secondly, we show that the natural homothety map
is an isomorphism. Similar to the proof of [9, Proposition 3.2], we only need to show that
Since fd R (S) = n < ∞ for some non-negative integer n, we have the following exact sequence of Rmodules: 
By the five lemma we can get our desired goal.
Finally, we show that Ext
In fact, for i ⩾ 1, the first and third isomorphisms below are by definition while the second is Hom-tensor adjointness.
From these three steps above, we get that C ⊗ R S is a semidualizing Smodule. □
Proposition 3.3. Let φ : R → S be a homomorphism of rings with fd
Then the following hold:
Proof. We only prove (3). Let F be a flat R-module andĨ an injective Smodule. The result is directly obtained from the following isomorphisms and Proposition 3.1(4).
□ Lemma 3.4. Let C be a semidualizing R-module. Then the following hold:
is exact for any R-module M ∈ I(R).
Proof. The proofs of all six results are similar, so we only give the proof of (4). Let J be an injective R-module. Consider a complete I C -resolution Y and an R-module M with id R (M ) = n < ∞ for some non-negative integer n. Then we have an exact sequence of R-modules
where each I i is injective. Let K i = Ker(I i → I i+1 ) for 1 ⩽ i ⩽ n−1 and K 0 = M . Consider the following short exact sequence:
By [9, Proposition 3.1] and [9, Corollary 6.2], we know that K n−1 ∈ B C (R). Thus, the sequence Hom R (C, L) is exact. Also, we have Tor R ⩾1 (C,Hom R (C, I n )) = 0 by [9, Theorem 1]. Then we get the following exact sequence of R-modules:
So the sequence Hom R (Hom R (C, L),Hom R (C, J)) is exact by Hom-tensor adjointness. On the other hand, it is trivial that the sequence Hom
Now consider the short exact sequence of R-complexes:
The argument above can be applied successively until we conclude that the sequence 
where each P i , P i is finitely generated projective. Then the following are equivalent:
Proof. Note that C ⊗ R P admits a degreewise finite projective resolution for any finitely generated projective R-module P , so by the lemma above, [9 , we only need to show that every C-flat R-module has finite C-projective dimension when every flat R-module has finite projective dimension. Let F be a flat Rmodule and assume that pd R (F ) = n < ∞ for some non-negative integer n. Consider the exact sequence of R-modules:
where each P i is projective. Since F ∈ A C by [9, Theorem 1], Tor R ⩾1 (C, F ) = 0. Thus, the sequence
Proof. Assume that M is a G C -proj R-module with a degreewise finite projective resolution. We now build a short exact sequence of R-modules
where H 0 is finitely generated projective and M ′ has the same properties as M .
Since M is a G C -proj R-module, we have a short exact sequence of Rmodules
where P 0 is projective and K is G C -proj. Since P 0 is projective, we can choose another projective R-module Q 0 such that
Since C ⊗ R F 0 is a direct sum of copies of C, the image of the finitely generated R-module M is contained in a finite direct sum of copies of C. That is, the image of M is contained in a finitely generated submodule C ⊗ R H 0 of C ⊗ R F 0 . Thus, we have the following commutative diagram with exact rows:
and N are G C -proj, we have Ext
. Hence, applying F to the above commutative diagram yields another commutative diagram:
′ is a G C -proj R-module and admits a degreewise finite projective resolution.
Continue the above procedure we get an exact sequence of R-modules
where each P i and H i is finitely generated projective, such that the sequence Hom R (X, C ⊗ R P ) is exact. So by Lemma 3.6 we get our desired result. □ Corollary 3.9. Let M be an R-module which admits a degreewise finite projective resolution and n a non-negative integer. If G C -pd R (M ) < ∞, then the following are equivalent: 
Transfer properties
One should compare the results in this section with Proposition 3.1 and Proposition 3.3.
Proposition 4.1. Let φ : R → S be a homomorphism of rings andC a semidualizing S-module. Then the following hold:
1)B is a GC-flat S-module if and only ifB ⊗ R F is a GC-flat S-module for any flat R-module F . (2)Ã is a GC-proj S-module if and only ifÃ ⊗ R P is a GC-proj S-module for any projective R-module P .
Proof. By Proposition 3.1(1) and (2) and the definitions of GC-flat and GCproj modules respectively, the proof of (1) and (2) is easy. □ 
Proposition 4.2. Let φ : R → S be a homomorphism of rings andC a semidualizing S-module. If S is coherent, then the following are equivalent: (1)B is a GC-flat S-module. (2) Hom R (B, E) is a GC-inj S-module for any injective R-module E. (3) Hom R (B, E) is a GC-inj S-module for any faithfully injective R-module E. (4)B admits a co-proper right FC(S)-resolution and Tor

Theorem 4.4. Let φ : R → S be a homomorphism of rings andC a semidualizing S-module. If S is coherent, thenH is a GC-inj S-module if and only if Hom R (F,H) is a GC-inj S-module for any flat R-module F holds under each of the next three conditions. (1) F (S) = P (S). (2) F (R) = P (R). (3) PC-pd S (C ⊗ SF ) < ∞ for any flat S-moduleF .
Proof. (⇒) LetỸ be a complete IC-resolution of a GC-inj S-moduleH and F a flat R-module. Firstly, we have that, under either assumption, F ⊗ R S has finite projective dimension over S. In fact, for (3), assume that PC-pd S (C ⊗ S F ⊗ R S) = t < ∞ for some non-negative integer t, so there exists a left PC-resolution of
It follows that F ⊗ R S has finite projective dimension over S. For (1) and (2), it is trivial.
Secondly, by the isomorphism Hom R (F,Ỹ) ∼ = Hom S (F ⊗ R S,Ỹ) and Lemma 3.4(3), we know that the sequence Hom R (F,Ỹ) is exact.
Thirdly, by Proposition 3.1(4) we only need to prove that, for any injective S-moduleJ, Hom S (Hom S (C,J),Hom R (F,Ỹ)) is exact. In fact,
is exact by Proposition 3.1 (5 
WhenM isC-injective, thenK isC-injective if and only ifÑ isC-injective. IfM andK areC-injective, then the above short exact sequence is split.
Theorem 4.7. Let φ : R → S be a homomorphism of rings andC a semidualizing S-module. If S is Artinian, then the following are equivalent:
1)H is a GC-inj S-module. (2) Hom R (H, E) is a GC-flat S-module for any injective R-module E. (3) Hom R (H, E) is a GC-flat S-module for any faithfully injective R-module E. (4)H ⊗ R F is a GC-inj S-module for any flat R-module F . (5)H ⊗ R F is a GC-inj S-module for any faithfully flat R-module F .
Proof. (1)⇒(2) LetH be a GC-inj S-module, E an injective R-module and the exact sequence of S-modules
a complete IC-resolution ofH. By Proposition 3.1(7) we only need to prove that, for any injective S-moduleĨ, Tor S 1 (Hom S (C,Ĩ), Hom R (K t , E)) = 0 and Tor S 1 (Hom S (C,Ĩ), Hom R (K j , E)) = 0, whereK t andK j are cokernels ofĨ for all t ⩾ 0, j ⩾ 0. Since S is Artinian, we have thatĨ = ⊕ ΛẼ α for some index set Λ, whereẼ α is an injective envelope of some simple S-module for any α ∈ Λ. Then Tor 
By Lemma 4.6, we can successively take injective S-modulesẼ 0 ,Ẽ 1 , . . . and C-injective S-modulesĨ 0 ,Ĩ 1 , . . . such that 
. We can also verify that F + 0 and eachF
. Now, let I be an injective S-module. Since S is Artinian, we haveĨ ∼ = ⊕ ΛẼ α for some index set Λ, whereẼ α is an injective envelope of some simple S-module for any α ∈ Λ. On the one hand,
On the other hand, by [4, Theorem 3.2.11], we have
(1)⇒(4)⇒(5)⇒(1) is easy. □ Remark 4.8. It is easy to verify that when F , in the above theorem, is a finitely generated projective R-module, then the equivalence of (1) and (4) holds without the condition that S is Artinian.
Lemma 4.9. Let S be an Artinian ring andC a semidualizing S-module. Then the class GFC(S) is closed under arbitrary direct products.
which is a complete FC-resolution of M i for all i ∈ I and letK ti andK j i be cokernels of it for all t ⩾ 0, j ⩾ 0 and
LetẼ be an injective S-module. Since S is Artinian,Ẽ = ⊕ ΛẼ α for some index set Λ, wherẽ E α is an injective envelope of some simple S-module for any α ∈ Λ. Thus, Tor S 1 (Hom S (C,Ẽ), It is easy to verify that when P , in the above theorem, is a finitely generated projective R-module, then the equivalence holds without the condition that S is Artinian.
In the following part of this section, let C be a semidualizing R-module. We will denote C ⊗ R S byC.
Proposition 4.12. Let φ : R → S be a homomorphism of rings with fd R (S) < ∞. Then the following hold:
Proof. For (1) and (2), let F be a complete F C -resolution of a G C -flat R-module A,F a flat S-module andĨ an injective S-module.
(1) By Proposition 3.3(1), Lemma 3.4(5) and (6) and the following isomorphism,
(2) On the one hand, Hom R (F,Ĩ) ∼ = Hom S (F ⊗ R S,Ĩ) is exact by Lemma 3.4(5). On the other hand, by Proposition 3.3(3) we only need to prove that, for any injective S-moduleJ, Hom S (Hom S (C,J),Hom R (F,Ĩ)) is exact. In fact,
is exact by Lemma 3.4(6) . Hence, Hom R (A,Ĩ) is a GC-inj S-module.
(3) Let P be a complete P C -resolution of a G C -proj R-module H andP a projective S-module. Suppose thatQ is a projective S-module, then by Proposition 3.3(2), Lemma 3.4(1) and (2) and the following isomorphism,
we know that H ⊗ RP is a GC-proj S-module. □
Proposition 4.13. Let φ : R → S be a homomorphism of rings with fd
Proof. Let P be a complete P C -resolution of a G C -proj R-module H andF a flat S-module. By Proposition 3.3(1) and Lemma 3.4(1) we only need to prove that, for any injective S-moduleĨ, Hom S (C,Ĩ) ⊗ SF ⊗ R P is exact. In fact, we first have the following isomorphism:
Secondly, since Hom Z (Hom S (C,Ĩ) ⊗ SF , Q/Z) is aC-flat S-module by Proposition 3.1 (5) and ( Proof. LetĨ be an injective S-module. From Proposition 3.8 and its proof, we know that H is G C -flat and there exists a complete P C -resolution P of H, which each P i and P i is finitely generated projective. Then P is also a complete F C -resolution of H by Lemma 3.6. Firstly, we have the following isomorphism:
If S is coherent, H is a G C -proj R-module andĨ is an injective S-module, then
Thus, Hom R (P,Ĩ) is exact by Lemma 3.4 (1) . Secondly, by Proposition 3.3(3) we only need to prove that, for any injective S-moduleJ, Hom S (Hom S (C,J), Hom R (P,Ĩ)) is exact. In fact,
is exact by Lemma 3.4 (6) 
Proof. Let I be a complete I C -resolution of a G C -inj R-module B andP a projective S-module. Then, by Proposition 3.3(4) and Lemma 3.4(3) we only need to prove that, for any injective S-moduleJ, Hom S (Hom S (C,J),Hom R (P , I)) is exact. In fact,
is exact by Lemma 3.4(4). Hence, Hom R (P , B) is a GC-inj S-module. □ 
Corollary 4.17. Let φ : R → S be a homomorphism of rings with fd
Proof. Let the exact sequence of R-modules 
where K t and K j are cokernels of X for all t ⩾ 0, j ⩾ 0. In fact, 
